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Abstract 

Let G be a finite group. A complete system of pairwise orthogonal idempotents is constructed 
for the wreath product of G by the symmetric group by means of a fusion procedure, that is by 
consecutive evaluations of a rational function with values in the group ring. This complete system 
of idempotents is indexed by standard Young multi-tableaux. Associated to the wreath product of 
G by the symmetric group, a Baxterized form for the Artin generators of the symmetric group is 
defined and appears in the rational function used in the fusion procedure. 

1. Introduction 

The fusion procedure for the symmetric group S n originates in [9] and has then been developed in 
the more general situation of Hecke algebras pQ. The procedure allows to express a complete set 
of primitive idempotents, indexed by standard Young tableaux, of the group ring CS n via a certain 
limiting process on a rational function in several variables with values in CS n . 

In [T2], an alternative approach of the fusion procedure for the symmetric group has been proposed, 
and is based on the existence of a maximal commutative set in CS n formed by the Jucys-Murphy 
elements. More precisely, this approach relies on an expression for the primitive idempotents in terms 
of the Jucys-Murphy elements \10\ [T3] and transforms this expression into a fusion formula. The 
evaluations of the variables of the rational function are now consecutive. This version of the fusion 
procedure has then been generalized to the Hecke algebras of type A [6], to the Brauer algebras [2111], 
to the Birman-Wenzl-Murakami algebras [5], to the complex reflection groups of type G(m, l,n) |14j 
and to the Ariki-Koike algebras [15j . 

Let G be a finite group. The aim of this article is to generalize the fusion procedure, in the spirit of 
[12], for the wreath product G ri of the group G by the symmetric group S n . The representation theory 
of the group G n is well-known, see e.g. [8] or and the irreducible representations are labelled 
by multi-partitions of size n. Analogues of the Jucys-Murphy elements for the group G n have been 
introduced in [161 [T7] and used for an inductive approach to the representation theory of the chain of 
groups G n [16] . 
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The irreducible representation V\ of G n corresponding to the multi-partition A admits the following 
decomposition, as a vector space, 

where the direct sum is over the set of standard Young multi-tableaux of shape A. The subspaces 
Wf are common eigenspaces for the Jucys-Murphy elements ji, ■ ■ ■ ,j n of the group G ri . Let Ef be 
the idempotent of CG n associated to the subspace Wf. The idempotents Ef, where T runs through 
the set of standard multi-tableaux of size n, form together a complete system of pairwise orthogonal 
idempotents of CG n . 

We state here the main result of the article. 

Theorem. The idempotent Ef of CG n corresponding to the standard multi-tableau T can he obtained 
by the following consecutive evaluations 



E T = 1 $(ui,... ,u n ,vi, 



„(«)_,(<*) » = !>• 
v i ~«Pi ' a = 1, 



C G 



The function appearing in ([I]) is a rational function in several variables with values in the group 
ring CG n and F^, F A are complex numbers. 

The eigenvalues of the Jucys-Murphy elements are not sufficient to distinguish between the different 
subspaces Wf. Therefore the commutative family used here for the fusion procedure is formed by the 
Jucys-Murphy elements ji, . . . , j n , together with an additional set of elements {g^} of CG n . The 
elements gf^ are images in CG n of a set of elements {g^} which linearly span the center of CG - 
the indices i = 1, . . . , n indicate in which copies of CG in CG n they belong (see Sections [2] and [3] for 
precise definitions). 

The set of variables is split into two parts: the variables are first evaluated simultaneously 

at complex numbers t^f* which are eigenvalues of elements gf^ . These variables correspond to the 
positions of the nodes of a multi-partition (their places in the m-tuple). Then the variables u±, . . . , u n 
are consecutively evaluated at the eigenvalues of the Jucys-Murphy elements ji, . . . , j n and are related 
to the classical contents of the nodes of a multi-partition. 

The rational function $ can be written as the product of two functions, the first one containing 
the variables U\ , . . . , u n and the second one containing the variables . As in the fusion procedure 
for the symmetric groups [12], the function related to the contents (that is, containing the variables 
lii, . . . ,u n ) is build up from a "Baxterized" form of the generators of S n inside CG n . However, the 
Baxterized form used here is a non-trivial generalization, associated to the finite group G, of the usual 
Baxterization for the symmetric groups. 

The coefficient (F^ F A )~ 1 appearing in (pQ) only depends on the multi-partition A and not on the 
standard multi-tableau T of shape A. The element F A is the product of the hook lengths of the nodes 
in the multi-partition A and is independent of the group G. The additional factor F^ depends on the 

numbers and in turn on the choice of the set {g^} of central elements of CG. 
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In general the subspaces Wj- are not one-dimensional, and therefore the idempotent Ef of CG n 
is not in general primitive. In fact, the subspaces Wj- are all one-dimensional if and only if G is an 
Abelian finite group. In this situation the idempotents E-j-, where T runs through the set of standard 
multi-tableaux of size n, form together a complete system of primitive pairwise orthogonal idempotents 
of CG n . 

For an Abelian finite group G, we provide a simplified fusion procedure for the wreath product 
G n . This simplified version is obtained by replacing, in the function appearing in (HD, the set {g^} 
of central elements of CG by a smaller subset. 

If G is the cyclic group of order m then the group G n is isomorphic to the complex reflection group 
of type G(m, l,n). A fusion procedure for the complex reflection group of type G(m, l,n) has been 
given in [14J. The fusion procedure presented here, in its simplified version, is slightly different than 
the one in p3], namely the Baxterized forms are different. The Baxterized form used here, when G is 
the cyclic group of order 2, has been used in [2] for a fusion procedure for the Coxeter groups of type 
B (that is, the complex reflection groups of type G(2, l,n)). 

The paper is organized as follows. Sections [2] and [3] contain definitions and notations about the 
finite group G and the wreath product G n . The Jucys-Murphy elements for the group G n are defined 
in Section HI In Section [5] we introduce the Baxterized form, associated to the wreath product G n , 
for the Artin generators of the symmetric group and prove that these Baxterized elements satisfy 
the Yang-Baxter equation with spectral parameters. In Section [6l we recall standard results on the 
representation theory of the groups G n and give the formula for the idempotents Ej in terms of the 
elements ji, ■ ■ ■ ,j n and gf 1 ^ . The main result of the article, which gives the fusion procedure for the 
group G n , is proved in Section In Section [8l we consider the case of an Abelian finite group G and 
provide a simplified fusion formula in this situation. 



Notation. 

We denote by CH the group ring over the complex numbers of a finite group H. For a vector space V, 
we denote by Idy the identity operator on V. Symbols v and Vi, for an integer i, stand for m-tuples 

of variables, namely v := (v^\ . . . , v^) and vi := (yf' , . . . , v\ ); 



2. Definitions 

Let G be a finite group and let {Gi, . . . , C m } be the set of all its conjugacy classes. We denote by 
g^\ . . . ,g( m > the following central elements of the group ring CG: 

ff (a) :=^^9, a = l,...,m. (2) 

Let pi, . . . , p m be the pairwise non-isomorphic irreducible representations of G and W±, . . . , W m be 
the corresponding representation spaces of dimensions, respectively, di, . . . , d m . Denote by xi, • • • , Xm 
the associated irreducible characters. We define complex numbers ^ , ct, v = 1, . . . ,m, by: 

& ] ■■= ^X»(g {a) ) , a,v = l,...,m. (3) 
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The central elements g^ act in the irreducible representations of G as multiples of the identity 
operators, namely: 

Pv(9 {a) ) = & a) -Uw v for <*,!/ = l,...,m. 

It is a standard fact that the elements g( a \ a = 1, . . . , m, span the center of CG and therefore, if 
v / z/, there exists some a G {1, . . . , m} such that f^f 1 / that is, the eigenvalues of the elements 
g( a \ a = 1, . . . , m, distinguish between the irreducible representations of G. 

Functions g( a \v). For a = 1, . . . , m, we define to be the set formed by the pairwise different 
numbers among the i = 1, . . . , m, that is: 



m 



such that the numbers • • • , £^ are pairwise different and, for any i G {1, . . . , m}, we have 

= £^ for some a G {1, . . . , By construction, we have in CG that: 

]J - = for a = 1, . . . , m. (4) 

£(a) g g(a) 

We define the following rational functions in v with values in CG: 

for „ = !,..., m . (5) 

The rational functions g^ a \v) can be rewritten as polynomial functions in v as follows. Fix a G 
{1, . . . , m} and let a^, a^, . . . , be the complex numbers defined by 

H (X- £(«>) = 4 a) + a<f ] X + ■■■ + a^X k " , 

£(a) e g(a) 

where X is an indeterminate. Define the polynomials a\ a \v), i = 0, . . . , k a , in v by 
fl ( a >(t,) = af } + a£\ « + ..• + a£V«-* for i = 0, . . . , k a . 

Then we have that: 

gl°\v) = a^v)^)' = a^(v) + #Hv)gW + ■■■ + (v)^)^ 1 . (6) 

i=0 

Indeed one can directly verify that (v — g^) ^ a i+i( v ){9^) 1 = jj ( v ~ (in the verification, 

i=0 ^(oJgsW 
it is useful to use the recursive relation ttM (v) = f _1 (a J - Q? ' ) (w) — a^) for i = 0, . . . , k a — 1, together 
with the initial condition a^\v) = + v + ■ ■ ■ + a^f fca ). 
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Examples. 

- If = {£(<*)} then we have g {a) (v) = 1; 

- if = {t[ a) , £ { 2 a) } then we have gW(v) = g^ +v- t[ a) - 

- if = {t{ a) , , } then we have 

g {a) (v) = (^) 2 +(^i a) -^ a) -£f^ ■ 
3. Wreath product 

Definitions. Let G n := G X • • • X G, the Cartesian product of n copies of G. The symmetric group 
S n on n letters acts on G n by permuting the n copies of G. We denote the action by a (a), a G S n 
and a G G n . The wreath product G n of the group G by the symmetric group S n is the semi-direct 
product G n xi S n defined by this action. The group G n consists of the elements (a, a), a G G n and 
a G S n , with multiplication given by 

(a, a) ■ (a,a') = (aa(a'),aa), a, a' G G n and a, a' G S n . 

The groups G„ form an inductive chain of group: 

{1} c Gx c G 2 c c G n _i cG„c..., (7) 

where the subgroup of G n isomorphic to G n _i is formed by the elements of the form (a, a), a € G n_1 
and a G S^-i. This allows to consider elements of CG ra _i as elements of CG n and we will often do 
this without mentioning. 

We denote by s\, . . . , s n _i the following elements of G n : 

Si = Ug» , TTiJ , i = l,...,n-l, (8) 

where 1g« is the unit element of G n and 7Tj is the transposition of i and The elements s%, . . . , s n _i 
satisfy the following relations: 

s? = 1 for i = 1, . . . , n — 1, 

SjSj+iSj = Sj+iSiSj+i for i = 1, . . . , ra — 2, (9) 
for i, j = 1, . . . , n — 1 such that \i — j\ > 1, 

and generate a subg roup of G n isomorphic to the symmetric group S n . 

For j = 1, . . . , n, let Wj be the injective morphism from CG to CG n defined by 

w j (g):=(l G ,...,l G ,g,l G ,...,l G ) for g G CG, (10) 



where is the unit element of the group G and, in the right hand side of ()10p . g is in the j-th 
position. Let also i be the natural injective morphism from CG n to CG n , given by 

t(o) := (a, lsj foraGCG™, 
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where lg n is the unit element of the symmetric group S n . 

For any j = 1, . . . , n, the composition i o Wj is an injective morphism from CG to CG n . We will 
use the following notation: 

gj := i o VJj(g) for g G CG and j = 1, . . . , n. (11) 
For j = 1, . . . , n, we define, similarly to (jSJ), 

^ W :- n « M ^ M( '- {W) fa m. (12) 

» - Sj ' 

Now consider the following element of the group ring ofGxG: 

e: =T^E^5- 1 )- (13) 

1 1 sec 

As noticed in [16] , the element e satisfies 

(g, h)e = e (h, g) for any g, h 6 G , (14) 

and this implies that e acts as follows in the irreducible representations of G x G: 

5 ' 

Pv <8> /v(e) = -j^ ?w v ®w v for u,v' = l,...,m, (15) 
where Pjy„<g>iy„ is the permutation operator of the space W^, ® W v (P(it <S> v ) = v <S> u for u, v G Wj,). 

Elements ejj. For any i,j = 1, . . . , n such that i ^ j, the map Wi <S> OTj is an injective morphism 
from the group ring of G x G to CG n , and thus the composition i o [w{ <g> ct7j) is an injective morphism 
from the group ring of G x G to CG n . We define, for % = 1, . . . , n, := 1 and 

ejj := i( n7j <8> tUj(e) ) for i, j = 1, . . . , n such that % ^ j, (16) 

With the notation (|lip . elements j can be written as 

By construction, we have eij = Bji for i,j = l,...,n, and 

■Sfc eij = a^i),,,-^) Sfc for i, j = 1, . . . , n and fc = 1, . . . , n - 1 , (17) 
where we recall that 7Tfc is the transposition of k and k + 1. 

For 1 < i < j < n, the element Wi ® vjj(e) acts in the irreducible representations of G n as follows 
(this is implied by (fT5|) ) 

<8) • • • ® p Vn (zci <S) Wj (e)) = -j 12 - Pjj , for any v±, . . . , u n G {1, . . . , to}, (18) 
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where Pjj is the operator on W vx g) • • • % W Un which permutes the i-th and j-th spaces and acts as 
the identity operator anywhere else, that is 

Py (u± ® ■ ■ -Ui . . .Uj . . . ® u n ) = u\ ® . . . Uj . . . Ui . . . <g> u n , u a G W Ua for a = 1, . . . , n . 

The following relations are consequences of (|16|) and Q18p: 

£k,l = &k,l Cij for \<i<j<k<l<n such that k — j > 1 , 
ei,i+ie k ,i = e^^.^e^+i for i = 1, . . . , n - 1 and k, I = 1, . . . , n , (19) 
e;,;+i e^+i = e^+i ei + i 5 i_|_2 for i = 1, . . . , n — 2 . 

4. Jucys— Murphy elements 

The Jucys-Murphy elements j\ , . . . , j n for the group G n are defined [161 E] by the following initial 
condition and recursion: 

ji = and j i+ i = sdiSi + e i)i+ iSi for i = 1, . . . , n - 1 . (20) 

The Jucys-Murphy elements ji, . . . , j n form a commutative set of elements, 

3k jl =ji 3k for k,l = l,...,n; (21) 

moreover they satisfy, for fc = 1, . . . , n, 



Sij k =jkSi for i = 1, . . . , n — 1 such that i k — l,k . 
9i jk = 3k 9i for / = 1, . . . , n and for any g £ G . 



(22) 



Recall that, for a = 1, . . . , m, the element 

g{<*) i s 

the central element of CG defined by ([2]), and 
that, for / = 1, . . . , n, the element g\°^ is the image in CG n of by the injective morphism iovo[. The 
relation (|2ip and the second relation in (|22|) imply that the set of elements {g\ a \ a = 1, . . . ,m, / = 
1, . . . ,n} together with the Jucys-Murphy elements ji, . . . ,j n form a commutative set of elements of 
CG n . 

We state here the following Lemma, which will be used later in the proof of the fusion formula in 
Section [71 

Lemma 1. For I = 1, . . . , n — 1, we have 

n-l 

jl S/S/+1 . . . S n _i = SlSl + i . . . S n -i j n - SlSl + i ...Sk-.. s„_i e k , n , (23) 

k=l 

where s;sz+i . . . sh ■ ■ ■ s n -i stands for the product S[Si + i . . . s n _i with Sk removed. 
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Proof. We prove the formula (j23|) by induction on n — I. The basis of induction (for I = n — 1) is 

Jn—lSn—l — Sn—ljn &n—l,n > 

which comes immediately from the recurrence relation in (|20p . 
For I < n - l,we use ji si = si - e^ +1 to write 

ji sm+i ■ ■ ■ s n -i = si si + i . . . s n _i - e^+i si + i . . . S n -l . 
The formula (|23|) follows, using the induction hypothesis and e^+i si + i . . . s n _i = si + i . . . s n -i ei <n . □ 

5. Baxterized elements 

Recall the standard Artin presentation of the symmetric group S n : the group S n is generated by ele- 
ments s\, . . . Sn-i with defining relations as in ([9]), with replaced by s,. The standard Baxterization 
for the generators ~s\, . . . , of S n is: 

Si(c, c) := Si H —— for i = 1, . . . , n — 1 ; 

c — c 

the parameters c and d are called spectral parameters. 

The elements s\, . . . , s n _i, defined by ([8]), of G n generate a subgroup isomorphic to the symmetric 
group S n . We define a generalization of the Baxterized elements ~s~i(c, d), associated to the group G n , 
as follows: 

Si(c,d) := Si+ 1,1+1 for i = 1, . . . ,n — 1 . (24) 
c — c 

Proposition 2. T/ie Baxterized elements Si(c,d) satisfy the Yang-Baxter equation with spectral pa- 
rameters: 

Si(c,c')s i+ i(c,c")si(c',c") = s i+1 (c' ,c")si(c,c")s i+ i(c,c) for i = 1, . . . ,n - 2 ; (25) 
they satisfy also 

Si(c, c')sj(d, d') = Sj(d, d')si(c, d) for i,j = l,...,n—l such that \i — j\ > 1 , 

e 2 (26) 
Sj(c, d)si(d, c) = 1 - ^ /or i = 1, . . . , n - 1 . 

(c — dy 

Proof. The first relation in ([26]) is immediate using that SiSj = SjSi and e^+i e^j+i = ejj+i e^i+i 
for i, j = 1, . . . , n — 1 such that [i — j\ > 1 (see ([9]) and (HU)). 

The second relation in (|26p follows from a direct calculation in which one uses that s« e^j+i = 
e^j+i Sj for i = 1, . . . ,n - 1 (see ([HD). 

To finish the proof of the Proposition, we develop successively both sides of (f25|) and, using (fT7|) . 
we move in each term all elements ek,i on the left of the elements Si and Sj+i. We compare the two 
results: 
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The cubic terms in the elements S{ and Sj + i coincide since SjSj+iSj = Sj+iSjSj+i. 

In both sides, the coefficient in front of SjSj+i is t+1 ' t ~ t ~ 2 . 

d — c 

In both sides, the coefficient in front of Sj+iSj is v+1 _ 

c — d 

In the left hand side, the coefficient in front of s, is 



{c-d){c-d') (c-d')(d-d') ' 

Using the second line in (1191) . we transform this expression in v+i h-i,h-2 which coincides with 

(c — c')(c' — c") 

the coefficient in front of Sj in the right hand side (we also use (|19|) here). 

— A similar calculation shows that the coefficient in front of Sj+i in the right hand side is equal 

to I + 1 ' I + 2 v+i which coincides with the coefficient in front of Sj+i in the left hand side, 
(c — d)(d — c") 

— The remaining terms in the left hand side are 



c-c" (c-cO^-c'OCc'-c") ' 
which coincide with the remaining terms 



c-c" {d-d'){c-cT){c-d) 

of the right hand side, using the third line in (|19|) . □ 

Remark. For i = 1, . . . , n— 1 and a = 1, . . . , m, the elements Sj(c, c') and («) satisfy a certain 
limit of the reflection equation with spectral parameters (see for example [7]), namely 

3i(c, d) g?Xc) Si g<f\d) = gt\d) », g\%) Si (c, d) . (27) 

Indeed, due to (fT2|) and (f26j) and the fact that e^+i commutes with Sj and ^ , the equality (p7|) is 
equivalent to 

Sj(c', c) (c - ^ a) ) Si (c - g\ a) ) = (d - g^) Sj (c - ^ a) ) Sj(c', c) , 



which is proved by a straightforward calculation. We skip the details and just indicate that one uses 

(a) 

r i+ i ( 



that o-^e^j+i = flfeiej which follows from (j!4j) together with the fact that gf^ commutes with 



ei,i+l- 

6. Standard ra-tableaux and idempotents of C7 n 
6.1. m-partitions and m-tableaux 

1. m-partitions. Let A h n be a partition of n (we shall also say of size n), that is, A = (Ai, . . . , A^), 
where Xj, j = 1, . . . , k, are positive integers, Ai > A2 > • • • > A& and the size of A is |A| := Ai + - • -+Xk = 
n. 
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We identify partitions with their Young diagrams: the Young diagram of A is a left-justified array 
of rows of nodes containing Xj nodes in the j-th row, j = 1, . . . , k; the rows are numbered from top to 
bottom. Note that the number of nodes in the diagram of A is equal to n, the size of A. 

Recall that, for a partition A, a node 9 of A is called removable if the set of nodes obtained from 
A by removing 6 is still a partition. A node 8' not in A is called addable if the set of nodes obtained 
from A by adding 9' is still a partition. 

An m-partition A, or a Young m-diagram A, of size n is an m-tuple of partitions, 

A := (X^\...,X^), 

such that the total number of nodes in the associated Young diagrams is equal to n, that is |A^| + 
... + |A( m )| = n. 

A pair {9, k) consisting of a node 9 and an integer k £ {1, . . . , m} is called an m-node. The integer 
k is called the position of the m-node. 

Let A = (AW,...,A( m )) be an m-partition. An m-node 9 = (9,k) € A is called removable from A 
if the node 9 is removable from A^). An m-node #' = (9', k') £ A is called addable to A if the node 9' 
is addable to \( k \ The set of m-nodes removable from A is denoted by £-(X) and the set of m- nodes 
addable to A is denoted by £+(A). For example, the removable/addable 3-nodes (marked with -/+) 
for the 3-partition ([TJ,0,n) are 





- + 


+ 





m 





+ 


+ 





For an m-node 9 lying in the line x and the column y of the k-th diagram, we define p(0) := k and 
c ($) '■= y — x. The number p(9) is the position of 9 and the number c(9) is called the classical content 
of the m-node 9. 



For an m-partition A, we define 



f-n n( n «s> -<**)) . ^ 

9£\ \ Of=l g gO) / 

£ ( Q ) ^ Ac) 

where the sets and the numbers ■ , for a,v = 1, . . . , m, are defined in Section O 

2. Hook length. Let A be a partition and 9 be a node of A. The hook of 9 in A is the set of nodes 
of A consisting of the node 9 together with the nodes which lie either under 9 in the same column or 
to the right of 9 in the same row; the hook length h\(9) is the cardinality of the hook of 9 in A. 

The definition of the hook length is extended to m-partitions and m-nodes as follows. Let A = 
(A^ 1 ), . . . , A^" 1 )) be an m-partition and 9 = (9, k) an m-node of A. The hook length h\(9) of 9 in A is 
the hook length of the node 9 in the k-th partition of A, that is 

hx(9) := h x(k) {9) . 
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For an m-partition A = (A^, . . . , A^ m ^), we define 



FA:=n /i A®=n n ^ 

eeA fc=i0 gA (m) 

3. Standard m-tableaux. Let A be an m-partition of n. An m-tableau of shape A is a bijection 
between the set {1, . . . , n} and the set of m-nodes in A, that is, an m-tableau of shape A is obtained 
by placing the numbers 1, . . . , n in the m-nodes of A. We call the number n the size of the m-tableau. 
An m-tableau is standard if the numbers increase along any row and any column of every diagram in 
A. 

For a standard m-tableau T, we denote respectively by c{T\i) and p(T\i) the classical content 
and the position of the m-node with number i. For example, for the standard 3-tableau T = 
( 1 1 1 3 1 ,0,[i]),we have 

c(T|l)=0, c(T|2) = 0, c(T|3) = l and p(T|l) = l, p(T|2) = 3, p(T|3) = l. 

For a standard m-tableau T, we define the G-content c G (T\i) of the m-node with number i by 

c G (T|z) := , (30) 

d p(T|i) 

where we recall that di, . . . , d m are the dimensions of the pairwise non-isomorphic irreducible repre- 
sentations Wi, . . . , W m of G. For example, for m = 3 and for the same standard 3-tableau as above, 
we have: 

c G (T|l) = 0, c G (T|2) = 0, C G (T|3) = -J-. 

Let v be an m-tuple of variables, v := (v^\ . . . , t/" 1 )). Let N be a non-negative integer, A an 
m-partition of size N and T a standard m-tableau of shape A. For brevity, set Cj := c(T\i) and 
Pi := vO~\i) for i = 1, . . . , N. We define 

F r°fe)-(n n ^r 1 ^)). pi) 

a=l^(a) g <j(as) 

* eg} 

and 



A (n-Cj) 2 -«5 Pi , PN 



where <5 PiiPjv is the Kronecker delta. 



Let \x be the shape of the standard m-tableau obtained from T by removing the m-node containing 
the number N. Then F^(v) is non-singular at = , a = 1, • • • ,m, and moreover, from (|28p . 



*?(s) ^ . =(Fa) (33) 



r 



^ (a) =4«- «=l,...,m 
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We will also need the following known result |12| fT4"] concerning the function F T (u) . 
Lemma 3. The rational function F T {u) is non-singular at u = cn and moreover 

. (34) 



F T {u) 



6.2. Idempotents of G n corresponding to standard m-tableaux 

The irreducible representations of G n are indexed by the set of m-partitions of n (see e.g. [8] or 

Let A be an m-partition of n and denote by V\ the vector space carrying the irreducible representation 

of G n corresponding to A. Let T be a standard m-tableau of shape A. We set 



where we recall that Wi, ■ ■ ■ , W m are the irreducible representation spaces of the group G. 
Then the vector space V\ admits the following decomposition: 



where the direct sum is over the set of standard m-tableaux of shape A. We denote by Ej- the 
idempotent of CG n corresponding to the subspace Wj. 

Recall that the set of elements {g^ , a = I, . . . ,m, k = 1, . . . , n} together with the Jucys-Murphy 
elements ji, ■ ■ ■ ,j n form a commutative family of elements of CG n (see Section 0J). For any standard 
m-tableau T of size n, the subspace Wy is a common eigenspace for this family of elements. Moreover, 
we have: 

9k )E T = E T9k ] = £?{T\k) E T for a = 1, . . . , m and k = l,...,n, (35) 
where the numbers are defined by formula ([3]); from the results in |16j . we also have 

] k E r = Erj k = c G (T\k)E T for k = 1, . . . , n. (36) 

For two standard m-tableaux T and T' of size n such that T ^ T', we have: 

— either there exists a € {1, ... , m} and k £ {1, . . . , n} such that £p?-j-iM 7^ 

— or there exists k G {1, . . . ,n} such that c G (T|fc) 7^ c G '(T" / |A;). 

Indeed, if there is some k £ {1, . . . ,n} such that p(T|fc) 7^ p(T'|/c) then ^"7-1^) 7^ for some 

a E {l,...,m} (see Section [2]). If p(T\k) = p(T'\k) for any k = l,...,m then, unless c G (T|/c) 7^ 
c (T'|A;) for some k G {1, . . . ,n}, we have that T and T' must have the same shape; moreover the 
m-tableau T' must be obtained from T by permuting the entries inside each diagonal of each diagram. 
As both m-tableaux are standard, we must have T = T' which contradicts the assumption. Thus 
c G (T\k) ^ c G (T'\k) for some k £ {1, . . . , n}. 

Thus, the idempotent Ej- can be expressed in terms of the elements g^ , a = 1, . . . , m, k = 1, . . . ,n 
and the Jucys-Murphy elements ji, ■ ■ ■ ,j n - 
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Let A be an m-partition of n and T be a standard m-tableau of shape A. Denote by 9 the m-node 
of T containing the number n, and for brevity, set := c (#) and p n = p(#). As the m-tableau T 
is standard, the m-node 9 of X is removable. Let U be the standard m-tableau obtained from T by 
removing 9 and let /i be the shape of ti. 

We have the following inductive formula for E-y: 

~ G , . m / J a ) _ A a ) \ 

zr-Eu n t^i n n ^ . em 

where we recall that £+(/^) is the set of addable m-nodes of the m-partition /i; the initial condition is 
Eu = 1) where £/o is the unique standard m-tableau of size 0. Note that the element Ejj in (|37|) is 
an idempotent of CG n _i and we consider it as an element of CG n due to the chain property of the 
groups G n (see ©). 

Let {7i, . . . , 7fc} be the set of pairwise different standard m-tableaux that can be obtained from U 
by adding an m-node containing the number n. Note that T € {71, . . . , 7fc}. We have: 

k 

E U = Y J E % . (38) 

i=l 

Consider the following rational function in u and v with values in CG n 

r G m „(a) A") 

E » II ^Vr^y ' (39) 

and replace .E^ by the right hand side of (|38p . Then formulas (|35p - (|36p imply that the rational 
function (|39|) is non-singular at u = c„ and u ( a ) = £p°\ a = 1, . . . , m, and moreover, 

*rf DV^- =£r ' (40) 

n - a=l « W - fin 



Remarks, (i) The elements Ef, with T running through the set of standard m-tableaux of size 
n, form a complete system of pairwise orthogonal idempotents of CG n . For a standard m-tableau 7~, 
the idempotent Ej- is primitive if and only if Wp(T|i) is one-dimensional for any i £ {1, . . . ,n}. Thus 
the elements Ej- form a complete system of primitive pairwise orthogonal idempotents of CG n if and 
only if the group G is Abelian. 

(ii) The preceding remark can also be expressed as follows: The commutative subalgebra generated 
by the set {g^\ a = 1, . . . , m, k = 1, . . . , n} together with the Jucys-Murphy elements ji, . . . ,j n is 
a maximal commutative subalgebra of CG n if and only if the group G is Abelian. □ 
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7. Fusion formula 



Let 



T(vi,...,Vn) := J J ] J ;/ 



(41) 



i=l a=l 



where the functions g^ a \v^), a = 1, . . . ,m and i = 1, . . . , n, are defined by (fT2"jh 
Set 0i (tt) := 1 and, for k = 2, . . . , n, let 

(f>k(ui, . . . , u fc _i, u) := s fc _i(n, u k -i)<fik-i(ui, ■ ■ ■ , Uk-2, u)sk-i 

= Sfc_i(n, n fc _i)s fc _ 2 (n, u fc _ 2 ) . . . si(u, U\) ■ si . . . s fc _ 2 s fc _i 

We define the following rational function with values in CG n : 

...,u n ,vi,...,v n ):= (f> n (ui, ...,u n ) n _i(ui, . . . ,u n -i) <t>i{ui)T{vi 



(42) 



(43) 



Let A be an m-partition of size n and T a standard m-tableau of shape A. For i = 1, . . . , n, we set 
Cj := c(T|z), cp := c G (T|i) and p^ := p(T|i). Let also W be the standard m-tableau obtained from T 
by removing the m-node with number n, and let \x be the shape of U. 

Theorem 4. The idempotent Ej- of CG n corresponding to the standard m-tableau T can be obtained 
by the following consecutive evaluations 

1 



F G F 



j • • • > ^ra, 



i = 1,. 
o = 1, 



ui=cf 



Proof. Define, for = 1, . . . , n, 

m 

(j)k(ui, ■ ■ ■,Uk-i,u,v) := <f>k(ui, ■ ■ -,Uk-i,u) Y[ 9k (v^) 



(44) 



(45) 



a=l 



As g^ commutes with Sj if i < A; — 1, we can rewrite the rational function $(iti, . . . , « n , vi, . . . , v n ) as 



<&(«!,. . . ,U n ,^i, . . . ,^.) = </>„(«!, . . . ,U n ,Vn) n _i(lii, . . . ,U n _ x , -»n-l ) • 

We prove the Theorem by induction on re. For n = 0, there is nothing to prove. 
For n > 0, we use (|46p and the induction hypothesis to rewrite the right hand side of (|44j) as 



(46) 



F?F A 



,(«) _ 

a = 1, . . . , r? 



Now we use the Proposition [5] below to transform this expression into 

Ja) _ 



F A 



pG p 

M A* 



if (zOF r (d Pn «) 



-,G 

-'n 



"~ Jr. 



n 



Eu 



« (a) = € P "\ 



a = 1, 



We recall that d Pn c G = c n and we use formulas ([33]) and (f34"|) concerning the functions F^(v) and 
F T (u), together with formula (}4"0|) to conclude. □ 
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Proposition 5. Assume that n > 1. We have 
F?(v)F T (d Pn u) Mcf, u,v) E u 

Proof. Notice that, from §F2§ and (|3T| 



u — c 

(a) =f ( Q ) = 

Q u --?« «=i v 



„G ™ ,,(a) _ e(a) 



(a) _ fl ( a ) 



a = 1, . . . , m 



• (47) 



m m / a \ Ja) 

")W — a~ 



a=l 



Define 



11 (a) (a)"" ' 
a=l VK ' 9n a = l,...,m 



(48) 



(49) 



the element Eu )Vn is an idempotent which is equal to the sum of the idempotents Ey, where V runs 
through the set of standard m-tableaux obtained from U by adding an m-node 9 with number n such 
that p(9) = p n . 

Now, using (|45p . (|48p and ([49 p . the Proposition is a direct consequence of the Lemma [6] below. □ 



Lemma 6. Assume that n > 1. VFe /iaue 



F T ( d Pn U ) <t>n(ci , ■ ■ ■ , c£_i, «) £«,p n 



G 



it — c 



G 



U~ Jn 



n jp 



(50) 



Proof. The left hand side of (|5U|) is 



Cn— 1,' 



F A d Pn U )( s n-l + G . 

u ' c n-l 



(Si + 



ei,2 



u — c 



G • 



si . . . s n -i Eu, Pn 



For = 1, . . . , n — 1, one can verify, using relations (|17j) and ()19p . that 
efe,fc+i • (sfc-i + - — za~) •••(«! + - — 177 ) = C s Jfc— 1 + 



u — c 



-fe-2 u c 1 u, ^ fc _ 2 

and ei,fe+l " s l • • ■ s n-i = s i ■ ■ ■ s n-i ■ ek,n ■ 

As moreover ek >n Eu iPn = if p^ 7^ p n (see (fTHj) ). the left hand side of (f50|) is equal to 



u - cv 



(•si H q) ■ ei,fc+i 



u — c 



^r( d Pn u )( s n-l + 



"Pn-i)Pn e n— 1,' 



M — C 



G 

n— 1 



...{81+ 



8 Pl , Pn ei t 2, 



u — c 



G 



si . . . s n _i £w, Pn . 



(51) 



We prove the Lemma by induction on n. First assume that pj ^ p n for i = 1, . . . ,n — 1. In this 
situation, £w )Pn = £7- and we have c„ = 0, j n Ef = 0, F r (d Pn u) = 1 and, due to the formula (f5Tj) . 
F r (d P7i u)0 n (cf , . . . , c„_]_, u) Eu, Pn = Eu,p n - So in this situation, the formula ([50]) is trivially satisfied; 
notice that, in particular, the basis of induction (for n = 1) has been proved. 
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Let n > 1 and assume that there exists Z € {1, ... ,n — 1} such that p; = p n . Fix Z such that 
Pi = p n and pi ^ p n for i = I + 1, . . . , n - 1. 

Let V be the standard m-tableau obtained from ZY by removing the m-nodes with numbers Z + 
1, . . . , n — 1 and W be the standard m-tableau obtained from V by removing the m-node with number 
Z. Define, similarly to (|49p . 



m „(«) _ £^ 

e ^ ■■= n (a) (i)^ 

a=l vy ' 9i 



As -Z?w^w = Eu, E u, Pn = E u, Pn and pz = p„, we have 



in 



a = 1, . . . ,m 



Ew,ptSlSl+l ■ ■ ■ Sn-lEu,p n = SlSi + i . . . S n _i • IT —— "j-rEyyEu 



UPn 



a=l vK ' ~ 9n a = l,...,m 

= sisi+i ■ ■ ■ s n -\Eu,p n ■ 

Thus, we rewrite ([5T]) as 

F T ( d Pn U ) S n-l • • • S l+1 ( S l + ' ^( C f > • • • ) C P-1> ^W.p, ' S/^+l • • • Sn-l^W,p n • 



(52) 



w — c 



G 



We use the induction hypothesis to replace <j>i(cf , . . . , c^ 1 , u)Eyv^ Pl by (F v (d Pn u)) J- £Vv, P; , 

u~ 31 

and we use (|52|) again to obtain for the left hand side of (|5U|) : 

Z-|-l Zi c 

( d Pu u )( F v ( d Pn u )) _1 fln-l • • • $1+1 (*l + — ! — g ) 4" s ^+i • • • s n -iE u ,p n ■ 

u ~ c i u-ji 

e 2 -l 

Recall that the inverse of ( si H l -^tt) is (si + — ^ — — ) ( 1 — ' ) according to the second 

v u-cf' v cp-u'V (u-cY) 2 / 

line in ([26]) . We move . . . s;+i(s; H l ' l+1 r ) (u — ji)^ 1 to the right hand side of ([50]) and, using 

u-cp 

that j n commutes with £t/,p„, we move (u — from the right hand side of ([50]) to the left hand 

side. We finally obtain that the equality ([50]) is equivalent to: 

F T ( d PnU)(F v {d Pn u))~ 1 (u - cp)a/s J+ i . . . a n -i(« - in) £«, P „ 

(53) 

Cf — u \ (u — C;) z 

Now notice that e M+i • s i+ i . . . s n _i = s m . . . s n _i • e^ n and that (see ([IS])) e 2 ln E u , Pn = --jr E u , Pn 

®Pn 

since p/ = p n . Moreover, formula ([52"]) implies, since p; = p n and pj 7^ p n for i = Z + 1, . . . , n — 1, 

F r (d p „n)(F v (d p „.)) " dpnU _ Cj " u-cf( U - C f) 2 -^ (54) 

Pn 



(" ~ C n)( U -3l)(si + )(*- / f ' f+ Gx 2 ) S '+! • • • Sn - 1 Elt >Pn 5 
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Therefore, to verify formula ()53|) . it remains to show that 

sisi+i . . . s n -i(u - j n )E u , Pn = (u - ji) (si + e l ,l+1 ) si + i . . . s w -i E Upn . (55) 

Rewrite the right hand side of (|55p as 

(u - ji)sisi + i . . . s n _i E Upn + (u - ji) G y +1 si + i . . . s n -i E u , Pn . 

c i ~ u 

Then notice that 

jl ez,«+i si + i . . . s n _i Eu, Pn = s/ + i . . . s n -iji ei jn Eu lPn ■ 

We use that ji ei, n E u , Pn = ji E u , Pn e;, n = cf e^ n E u , Pn and the Lemma Q] to replace jjsjsj+i . . . s„_i; 
we obtain for the right hand side of ([55]) 

n-l 

(siS i+1 . . . - j n ) + ^ Eu, Pn ■ 

k=i 

As efc )n -Ew^ = if k > I, the formula ([55]) is verified. □ 

Remark. During the proof of the Theorem SI we transformed the defining formula (|43p for the 
rational function <3?(ui, . . . , u n ,vi, . . . , v n ) into the formula ([36"]) . The formula ([36"]) is well adapted to 
the structure of chain with respect to n of the groups G n , in the sense that, using formula ([36]) . we 
write 

$(ui, . . . ,U n ,Vi, . . . ,Vn) = 4> n {u\, ■ ■ . , U n , Vn)^ n ~ 1 > (u X , . . . ,Un-l,Ul, • • • , ^n-l ) , 

where <l>( n_1 )(ui, . . . , u n _i, t>i, . . . , is the rational function corresponding to G n -i (seen as a 

rational function with values in G n ) and </> n (iii, . . . ,u n ,Vn) is defined by ([35"]) . The formula ([36]) is 
often useful for explicit calculations. 

Examples. Here we consider the example when G is the symmetric group on 3 letters. To avoid 
confusion we will keep the notation G for this group, and G n for the wreath product of G by the 
symmetric group S n . We use the standard cyclic notation for permutations and we denote the elements 
of Gby 1 G , (1,2), (1,3), (2,3), (1,2,3) and (1,3,2). The central elements, defined in of CG are 

5 ( 1 ):=i((l,2) + (l,3) + (2,3)), := i ((1,2,3) + (1,3,2)) and g<® := 1 G . 

Let pi,P2,P3 be the pairwise non- isomorphic irreducible representations of G, namely p\ is the trivial 
representation, p2 is the sign representation and p3 is the two-dimensional irreducible representation 
of G. The numbers defined in ([3]) are equal to: 

) = 1, > = "I, & = 0, d 2) = 1, = 1, # = -i and ^ = 1, = 1, # = 1 • 
Thus the functions defined by ([5J are, in this example, 

ff (l)( u ) = ( 5 «) 2 +U5 (l) +u 2_ 1) 5 (2) (u)=5 (2) +v _ 1 and 5 (3) (w) = 1 . 
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Recall the notation gf \ a = 1, 2, 3 and i = 1, . . . , n, for images of in CG n (see (fTTj) ), 



For the 3-partition of size 1 (0,0,0), we have, from formulas (|28p and (|29|) . F^ ^ = 3 and 

F(n,0,0) = 1- 

We obtain for the idempotent \ of CGi(= CG): 



For the 3-partition of size 2 (0,0,0), we have F^ n ^ = | and F( Dj0 n ) = 1. We obtain, from 
Theorem H] and using formula (|46p , 



c 2 =0 



In particular, Theorem H] asserts that the above function is non-singular at C2 = although, from ()24p . 
s i( c 2;0) is singular at C2 = 0. As shows the proof of the Lemma [6l this comes from the fact that 



So actually we have 



= 5((4 1, ) 2 -i)( 9 f-i)(( 9 !") 2 +s ! 1, )(^ + ^ 

For the 3-partition of size 3 (CD, 0, □), we have Fp-j □) = ^ and F^m^n) = 2. We obtain, from 
Theorem H] and using formula 



1 • ■ «\ 2 , „(W„(2) In 9 



s (lIL^0) = 27-a(i.o)'i(i.o)-i*H( fl s ) + ^ J^3 +2) •2^(0,^0 



Note that, as shows the proof of the Lemma[6l e2,3-si(l, 0) S1S2 [[9^) 2 +9^^J \ +5 J '^([T| [2] 
0, and so we have actually 



Remark. We notice that the central element g^ = 1q does not appear in the fusion formula 
(because £\ = £2 = £3 )■ Moreover, in the examples above, we could have used only the central 
element since its eigenvalues are enough to distinguish between the irreducible representations of 
G; namely, we would have obtained 

x <> ah 2 , „W 
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*(m,^-^ 1, ) 2 - 1 )(^ ) ) 2 +^) 




In general, the central element corresponding to the conjugacy class of the unit element of G never 
appears. Nevertheless, in general, all other central elements ([2]) of CG are necessary. In the following 
Section, we explain how to reduce the number of elements appearing in the fusion procedure for 
the particular situation of an Abelian finite group G. 



8. Simplified fusion formula when G is Abelian 

From now let G be any finite Abelian group. It is a standard fact that G is thus isomorphic to a direct 
product of finite cyclic groups. So we assume that 

G = C kl x C k2 x • • • x C kN , (56) 

where N is a, non- negative integer, fci, &2, • • • , A;jv > 2 and C ka is the cyclic group of order k a , a = 
1, . . . , N. Set m := k\k2 ■ ■ ■ fc/v, the cardinality of G. 

As G is Abelian, the number of its conjugacy classes is equal to m. The set of central elements 
of CG defined in ([SJ coincide here with the set of elements of G. All these elements appear in the 
fusion formula of the previous Section, see (|4ip . We will provide a simplified formula using a certain 
subset of elements of G. 

For a = 1, . . . , N, we choose and denote by an element of G which generates the cyclic group 
C ka appearing in (|56p. Notice that the elements t^ a \ a = 1, . . . , N, satisfy the relations 

( t («))*« = i and t (.a) t W = tWtW for a, a' = 1, . . . , N. 

Moreover the elements t^ a \ a = 1,...,N, generate the group G and thus the knowledge of their 
eigenvalues is sufficient to distinguish between the irreducible representations of G. Namely, any 
irreducible representation of G is one-dimensional and is obtained by sending to a k a -th root of 
unity for a = 1, . . . , N (there are m non- isomorphic representations of this sort and they exhaust the 
set of irreducible representations of G). 

So now let := , . . . , £^ } be the set of all k a -th roots of unity, and, for i = 1, . . . , n, define 
as in (Q2D 

>i-V)=- n ' W '" {W) ^ «=!,...,*, (57) 
v-t\ 

where we recall that t^ a \ i = 1, . . . , n, is the image of the element by the injective morphism towi 
from CG to CG n , see (fTx]). 

From ([6]), it is straightforward to see that we have, for i = 1, . . . , n and a = 1, . . . , N, 

t^(v) = v^- 1 + v k --hf ] + -..+V {tf ] ) ka - 2 + (iff*- 1 . 
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We define 

n N 

r'( a ,...,^):=nil4 Q) K W )> (58) 

i=l o=l 



and, for an m-partition A (compare with ([28]) ) . 



F'?-nfn( n 

0eA \ Q=l c(a) p 5(c) / 



(59) 



The formulation of the Theorem U] remains the same with T(v±, . . . , v n ) replaced by T'(vi, . . . , v n ) in 
the defining formula ()4"3j) for the function . . . , u„,£j_, . . . , t>„) , and replaced by F'^. 

Remark. Let C be a k-th root of unity. Recall that Y[^(C ~ £) = ^C _1 > where the product is taken 
on the k-th roots of unity £ different from Thus, for G as in (|56p . we have for the coefficients F' A 
defined by ([59]): 

pf=n(ni)- 

0eA a=l ? p (0) 

Example. Consider the situation N = 1 and fci = 3 in (|56p . Thus G is the cyclic group of order 3, 
and G n is the complex reflection group of type G(3, l,n). Let t := tW and let {£1, £2> £3} be the set 
of all third roots of unity. The Theorem 0] (in its simplified version explained above) asserts that, for 
example, the idempotent ^(jTJjT] [Tj) can ^ e ex P resse d as 

E m^2>m = fr S2(1 ' 0)si(1 ' °) a iWo, o) Sl (e? + &t 3 + t 2 3 Kf 3 + ^2 + 4^ + + *?) . 

As already seen in the examples of the preceding Section, the proof of the Theorem U] shows that we 
actually have: 
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